FACE ALGEBRAS AND UNITARITY OF SU(N)l-TQFT 



TAKAHIRO HAYASHI 



Abstract. Using face algebras (i.e. algebras of L-operators of IRF models), 
we construct modular tensor categories with positive definite inner product, 
whose fusion rules and S-matrices are the same as (or slightly different from) 
those obtained by Uq{sliji) at roots of unity. Also we obtain state-sums of ABF 
models on framed links which give quantum SU (2)-invariants of corresponding 
3-manifolds. 

1. INTRODUCTION 

As is well known, quantum groups have their origin in the theory of quantum 
inverse scattering method. More specifically, they first appeared as so-called alge- 
bras of L-operators of lattice models (of vertex type). For example, the simplest 
quantum group Uq{5l{i)) can be viewed as the algebra of L-operators of 6-vertex 
model without spectral parameter. It seems that it is worth trying to study algebras 
of L-operators independently from the framework of Drinfeld-Jimbo algebra. 

By investigating algebraic structure of lattice models of face type, we found a 
new class of quantum groups, which is called the class of face algebras (cf. |p^ - 
p2| and also U, 0). It contains all bialgebr subclass. Moreover, as 

well as bialgebras, face algebras produce monoidal categories as their (co-)module 
categories. 

In this paper, we give a detailed study of face algebras &{A]\[-i;t)^, which are 
obtained as algebras of L-operators of RSOS models of type Aj^-i (TV > 2) (cf. 
p3|), where e = ±1 and t denotes a primitive 2(A^ -|- L)-th root of unity with L > 1. 
We also give two applications of 6(j4jv-i; t)e to 3-dimensional topological quantum 
field theory (TQFT) and corresponding quantum invariants of 3-manifolds. 

We show that the algebra 6(Ajv-i;i)e is finite-dimensional cosemisimplc and 
that its dual is a C*-algebra for a suitable t. Also, we classify irreducible comodules 
of &{AN-i]t)e and determine their dimensions. Moreover, we construct various 
structures on &{Apf-i;t)e, such as the antipode, the braiding and the ribbon func- 
tional. The algebra S(A7v-i;i)c is constructed as a quotient of the face version 
2l(uiiv,t,e) of FRT construction modulo one additional relation "det = 1", where 
WN,t,€ is the Boltzmann weight of RSOS models of type Ajv_i without the spec- 
tral parameter and det denotes the "(quantum) determinant" of %(wN,t,e)- Since 
the representation theory of %(wN,t,e) is relatively easily established using a result 
on Iwahori-Hecke algebras due to H. Wenzl, the core of our work is to study the 
properties of the element det or, corresponding "exterior" algebra. 

Next, we explain the unitarity of 3-dimensional TQFT briefly. Roughly speaking, 
a 3-dimensional TQFT is a map which assigns to each 3-cobordism (M, d-M, d+M), 
a linear map t{M) : T(9_M) T(9+M). Here, by a 3-dimensional cobordism, we 
mean a compact 3-dimensional manifold M whose boundary is a disjoint union of 
two closed surfaces d-M, d+M . A 3-dimensional TQFT is called unitary if T(9±!M) 
are (finite-dimensional) Hilbert spaces and t{~M) ~ t{M)* for each 3-cobordism 
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{M, d-M, d+M). It is established in that to obtain a (unitary) 3-diniensional 
MTC, it suffices to construct a (unitary) modular tensor category (MTC) (i.e. a 
braided category which satisfies certain additional properties). The most important 
examples of MTC are constructed as semisimple quotients C{q, q) of some module 
categories of Drinfeld-Jimbo algebra Uq{Q) at roots q of unity (cf. 0, ||, p8| , 
and see also ||^, ^ Q for other construction of MTC's). For a suitable q, it also 
is expected that C(g, q) is a unitary MTC. However, it seems that it is not easy 
to verify it directly, since f/g(s) is non-scmisimple and cannot have a C*-algebra 
structure (cf. A. Kirillov, Jr, [|8| and V. Tuacv and H. Wenzl Q). 

The first application of &{An^i; t)^ is to show that the category Ce(^A^-oo, Ll)^ 
of all finite-dimensional right G{Apf-i; <)e-comodules is a MTC, and that (for a suit- 
able t), the category CQ{Aj\f-ao,U)e of all finite-dimensional unitary 6(yljv-i; i)e- 
comodules is a unitary MTC, whose fusion rules agree with those of C(s[fn, q). Here 
"unitary" comodule means a comodule with inner product which satisfies some con- 
ditions. The quantum dimensions and 5-matrices of Ce{Af^-co,^)e sue the same 
as (or slightly different from) those of C{s[<yi,q) (according to the choice of e and 
another sign parameter t when N is even). Although we use Uq{5l<yi) to obtain 
some combinatorial formulas, the essential part of our theory is independent from 
Uq{5l<xi). Hence the equivalence of C(sl(n,q) and Ce{A^r-oa,U)e is left as an open 
problem. However, by the result of Kazhdan and Wenzl ||2^, these two categories 
are equivalent up to a "twist." 

Unlike the module category of Uq{g), the category Ce {Af^-oo,U)^ itself is semisim- 
ple. Moreover, it has a apparent similarity to the spaces of the conformal blocks of 
Wess-Zumino-Witten (WZW) models. We hope that there exists a direct connec- 
tion between &{Ai\f-i;t)e and WZW models, similarly to Drinfeld [||. 

The second application is to give an explicit description of the quantum SU (2)- 
invariant t(M) of closed 3-manifolds M, which is associated with Cq {Aoo , LI)^ . More 
precisely, we express r(M) as a state sum on each generic link diagram D which 
represents M . It gives a direct connection between the invariant and ABF model. 

The paper is organized as follows. We start in Sect. 2-4, by recalling elementary 
properties of face algebras f), various structures on Sj and their relations to the 
comodule category of i^. In Sect. 5, we recall the notion of star-triangular (Yang- 
Baxter) face models and flat face models. The later is introduced in and 
is a variant of Ocneanu's notion of flat biunitary connection in operator algebra. 
Flat face models play an crucial role to the determination of the representation 
theory of ©(A^v-i; t)e. In Sect. 6-7, we define the algebras S(Ajv_i;t)g and state 
the main result on the representation theory of them. In Sect. 9-10, we construct 
several structures on ©(A^v-i; t)e, which we call the transpose, the costar structure, 
the antipode and the ribbon functional. Consequently, we see that Ce{Aj\f-oo,^)e 
(resp. C§(^AA-oo, Ll)e) is a (unitary) ribbon category. In Sect. 11, we prove that 
Ce{Aj\f-oo,^)e is a modular tensor category, by computing its 5'- matrix. Section 8 
and Section 12 are devoted to some technical calculations on face analogues of the 
exterior algebras. In Sect. 13-14, we give an explicit description of Ce(-4oo, Ll),: and 
give a state sum expression of the quantum SU (2)-invariant stated above. 

After submitting the manuscript, one of the referee informed me the existence of 
the following two papers; 

H. Wenzl, C*-tensor categories from quantum groups, J. Amer. Math. Soc. 11 
(1988), pp. 261-282. 

C. Blanchet, Heck algebras, modular categories and 3-manifolds quantum invari- 
ants, preprint. 

The former gives a proof of the unitarity of C(g, q) for each g. The latter gives 
a construction of modular tensor categories via Iwahori-Hecke algebras at root of 
unity. 
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Throughout this paper, we use Sweedler's sigma notation for coalgebras, such as 
(A id)(A(a)) = S(^) a(i) (g) a(2) ® a(3) (cf. [|7|). 

2. FACE ALGEBRAS 

In this section, we give the definition of the face algebra and various structures on 
it. Let S) be an algebra over a field K equipped with a coalgebra structure (S), A,e). 
Let V be a finite non-empty set and let e\ and ex (A G V) be elements of Sj. We 
say that {^),e\,e\) is a V-face algebra if the following relations are satisfied: 

A{ab) = A(a)A(6), (2.1) 
exefj. = Sx^ex, °ex°e^ = 5xii°ex, bab^ = e^CA, (2.2) 
^e. = l = 5]e., (2.3) 

A(eAe^) = ^ exe^ ® e^^e^, £(eAe^) Ja^,, (2.4) 

e(a6) = ^ £{aeiy)e{e^b) (2.5) 

for each a, 5 € i5 and A, /i G V. We call elements ex and ex face idempotents of 9). It 
is known that bialgebra is an equivalent notion of V-face algebra with card(V) — . 
For a V-face algebra ij, we have the following formulas: 

e{exa) = £{exa), £{a°ex) = £{aex), (2.6) 
^ a(i)£(eAa(2)e^) = gaoc^, (2.7) 

(a) 

^£(eAa(i)e^)a(2) = CAoe^, (2.8) 

(a) 

A(a) = ^^6^0(1)65 61,0(2)65, (2.9) 

(a) 

6Aa(i)6^ (g) a(2) = ^ a(i) (g) eAa(2)e^, (2-10) 

(a) (a) 

A(eAe;^oeA'e^') = ^ eAa(i)eA' g) e^a(2)e^' (2-11) 

(a) 

for each a £ Sj and A, A', /i^' G V. 

Let S be a finite oriented graph with set of vertices V — S° . For an edge p, we 
denote by s(p) and t(p) its source (start) and its range {end) respectively. For each 
TO > 1, we denote by S"* = JJ^^ ^gv^AAt paths of S of length m, that is, 

p G if P is a sequence (pi, . . . , Pm) of edges of S such that s(p) := s(pi) — A, 
^(Pn) — s(Pn+i) (1 < n < to) and r(p) :— r(pm) = Let ^{S) be the hnear span 
of the symbols e(P) (p, q G S™,!!! > 0). Then i^(S) becomes a V-face algebra by 
setting 

eA = E^C)- ^'^ = ^^0' ^'-''^ 
q) ^ (s) " '^'^(P)^('-) '^^(i)^(^) ^ (q . s) ' ^^'"^^^ 
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q/ / — \t/ vq/ v \q 



for each p, q S S™ and r, s e S" (to, n > 0). Here for paths p = (pi, . . . , Pm) and 
r = (ri, . . . ,rn), we set p • r = (pi, . . . ,Pm,ri, . . . , r„) if r(p) = 5(r). We note 
that KS = ®peg (™ — 0) becomes a right i3(S)-coniodule via 

q^J2p<»e(^)- (2.15) 
pes 

Proposition 2.1 ( ||l6|] ). Every finitely generated V -face algebra is isomorphic to a 
quotient of S){5) for some S- 

We say that a hnear map S" : ^3 — s- ^3 is an antipode of ^3, or (55, S) is a Hopf 
V-face algebra if 

^S'(a(i))a(2) = ^s{ae^)e^, ^ a(i)S'(a(2)) = ^e(e^a)e^, 

(a) }^ev (a) vev (2.16) 

^ S'(a(i))a(2)5'(a(3)) = S{a) (2.17) 

(a) 

for each a e i3. An antipode of a V-face algebra is an antialgebra-anticoalgebra 
map, which satisfies 

S{hef,)^e^ex (A,/ieV). (2.18) 

The antipode of a V-face algebra is unique if it exists. 

Let ^3 be a V-face algebra with product to and let TZ'^ and TZ~ be elements of 
{^j(g>f))*. We say that (i3,7^=^) is a coquasitriangular (or CQT) V-face algebra if 
the following relations are satisfied 

7^+TO*(l) = 7^+, TO*(l)7^" = 7^-, (2.19) 
7^^7^+ = TO*(i), Tz+n- = (to°p)*(i), (2.20) 

n+m*{X)n- = im°P)*{X) (XeSj*), (2.21) 

(TO®id)*(7^+) = 7^J*37^J3, (id®TO)*(7^+) = 7^J*37^J*2■ (2.22) 

Here, as usual, for each Z e (i3®i3)* and {i,j, k} = {1, 2, 3}, we define Zij e (i3'^^)* 
by Zjj(ai, a2, as) = Z{ai,aj)£{ak) {ai, 02,0,3 e i!)). We note, for example, that the 
second formula of (2.22) is equivalent to 

7^+(a, 6c) = ^7^+(a(l), c)7^+(a(2), 5) {a,b,ceS]). (2.23) 

(a) 

It is known that TZ^ satisfies 

(TO(g)id)*(7e") = 7^237^J;3, {id(g>m)*{n^) =n^2T^^^^ (2-24) 

Tl'^iexey.ae^e^, b) = 7^+(a, e^e56eAei.), (2.25) 

Tl~{exef_,ae^e^, b) = 7^~(a, e^CA^e^e^), (2.26) 

7^+(eAe^, a) = e(e^aeA), 7^+(a, gac^) = £(eAae^), (2.27) 

Tl^{exe^, a) = e{exae^), TZ^{a, exe^) = e{e^aex) (2.28) 
for each A, /x, z/, ^ G a,b Cz i3. If, in addition, i3 has an antipode S, then 

(S"® id)*(7^+) = 7^", (id0S')*(7e") =7^+. (2.29) 
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For a CQT Hopf V-face algebra ^, we define its Drinfeld functionals Ui G Sy* 
(i = 1, 2) via 

Z^i(a) = ^7^+(a(2),5(a(l))), ^^2(0) = (•^Ki)), 0(2)) {aef)). 

(a) (a) (2.30) 

The Drinfeld functionals are invertible as elements of the dual algebra ij* and satisfy 
the following relations |20| : 

^r' («) = E (^(«(2) )' ) ' ^2"' («) = E ' ^(«(2) ))' 

(a) (a) (2.31) 

Z^^'(eAe;.) =5am, Z^,^(eAae^) =Z^±(eAae^), (2.32) 
m*{Ui) ^ TZ-TZ^iiUi^Ui) = (Ui®Ui)Trn^^, (2.33) 

m*{U2) = n+{R+{U2®U2) = {U2(E)U2)n+^n+, 

U,XUr^ ^{S^iX), (2.34) 

5*(Z^±i) =Zi2^\ 5*(Z^2'^i) (2.35) 

for each i = 1,2, a G X G S)* and X, ^ G V. In particular, S' is bijective and 
hliU2^ is a central element of Let {S),TZ^) be a CQT Hopf V-face algebra and 
V an invertible central element of Sj* . We say that V is a ribbon functional of S^, or 
{^,V) is a coribbon Hopf V-face algebra if 

m*(V) =7^"7^2"l(V® V), (2.36) 

5*(V) = V. (2.37) 

Let g (resp. ^) be an element of (resp. a linear functional on) a V-face algebra 
Sj. We say that g (resp. Q) is group-like if the following relations (2.3g)-( 2.39| ) (resp. 
(pl0|)-(p!4l|)) are satisfied: 

A{g) ^J^aeu^gh, (2.38) 

gexef_, = exef_tg, e{g°exe^) = Sx^., (2.39) 
5(a6) - ^g(ae,)g(e,6), (2.40) 

G{hae^,) = Giexae^,), Giexe^) = (2-41) 

for each a,b G and A, /i e V. If ^ has an antipode S, then every group-like 
element g and group-like functional Q are invertible and satisfy 

S(g)=g-\ S*{g)=g-\ (2.42) 

We denote by GLEi{f)) the set of all group- like elements of S). 

Proposition 2.2 ([^). Let Sj be a CQT Hopf V-face algebra andV an invertible 
element of f)* . Then (^), V) is a coribbon Hopf V-face algebra if and only if A4 = 
Uoc,V~°° is group-like and satisfies the following relations: 

MXM-^ = {Sy{X) {XGSj*), (2.43) 

M^^UooUe. (2.44) 

For a coribbon Hopf V-face algebra {Sj,V), we call A4 = UoqV^°° the modified 
ribbon functional of f) corresponding to V. 
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Example 2.1. When L = 1, the algebra &{AN^i;t)^ is rather degenerate. Hence, 
we treat this case here separately from the case L > 2. (cf. |l^). Let > 2 be 
an integer and V the cyclic group Z/NZ. Let i g C be a primitive 2{N + l)-th 
root of unity and e either 1 or —1. We define the V-face algebra S(A7v-i;i)e to be 
the C-linear span of the symbols e* (m) {i,j,m € V) equipped with the structure of 
V-face algebra given by 

e)[p]ef[q] = 6,+p,k6j+g,ie][p + q] {p, q G Z>>.), (2.45) 

A(eUm)) = E^K"^) ® £(e}M) - ^^1^ (2-46) 

j 

e,=^e}(0), e,=J2e]{0). (2.47) 

3 i 

Here, in ( p. 45 ), we set 

e)[qN + r] = {-e)^'-^^''^^-^^e]{r + NZ) (2.48) 

for each q G Z and < r < A^. The algebra &{An^i; t)^ becomes a coribbon Hopf 
V-face algebra via 

S{e][p\)^e^l[-pl (2.49) 
7^+(e}[p], ef [q]) = 5,^k+a5Jk5^+p^+q5,+p,l{-Ct)-P\ (2.50) 

VM\[J)=5)\iA-C.uy\ (2.51) 

where i,j,k,l g V, p,q E Z>>/, C, denotes a solution of = £^~^t, l — ±1 if 
iV e 2Z and t = 1 if JV e 1 + 2Z. 

3. COMODULES OF FACE ALGEBRAS 

In this section, we recall categorical properties of comodules of face algebras (cf. 
[p6[). We refer the readers to for the terminologies on monoidal (or tensor) 
categories. 

Let M be a right comodule of a V-face algebra We define its face space 
decomposition M = M{X, ^) by 

M(A,^) = |^W(o)e(eAM(i)e,0 w e A/j. (3.1) 

(n) 

Here we denote the coaction Af Af by w i— s- "(o) ® ""(i) ^ ^^)- Let 
N be another i3-comodule. We define the truncated tensor product M®N to be the 
^-comodule given by 

(Af®7V)(A,Ai)-0 M{\v)®N{y,ti), (3.2) 

(u e Af(A,iy),u e N{i^,n),X,n,iy € V). (3.3) 

With this operation, the category Com^ of all finite-dimensional right ^-comodules 
becomes a monoidal (or tensor) category whose unit object KV is given by 

KV = 0IK/^; /iK^^A(^°A^ (A^eV). (3.4) 
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If, in addition, S) is CQT, then Com^ becomes a braided monoidal category with 
braiding cmn ■ Af (g)iV = N®M given by 

cmn{u®v)= ^ U(o) «) U(o)7^+(^i(l),^;(l)) 

{u),{v) 

{u £ M{\,v),ve N{i^,fi),X,n,i' £ V). (3.5) 

Next, suppose that has a bijective antipode and M is finite-dimensional. Then 
there exists a unique right ij-comodule such that whose underlying vector space 
is the dual of M and that the coaction satisfies 

^(w,M(o))S'(u(i)) = ^(u(o),m)w(i) (weAf,ueM^). (3.6) 

(«) {v) 

As vector spaces, we have 

Af^(A,A*)=Af(/i,A)* (A,MeV). (3.7) 
The comodule Af^ becomes a left dual object of M via maps 

bM ■■ KV ^ M(E}3VC ; X^Y. P ® P'' e 'V). (3-8) 

dM-- M^'^M ^KV; q (5pq /i (p G M^a, q e M^^), (3.9) 

where Ma^ denotes a basis of Af(A, ^) and {p^ |p G Ma^j} its dual basis. By 
replacing S in ( |3.6| ) with S^^, we obtain another i^-comodule structure on M*, 
which gives the right dual Af ^ of M. We note that the canonical linear isomorphism 
/M'^ : Af^ ^ Af"" satisfies 

/m- (Xu) = (5-2)* (X)/ma (u) (3.10) 
for each X € i^* and u G M^. Here, as usual, we regard Af as a left i]*-module via 
Xu = ^ii(o)(X,ii(i)> {u£ M,X £ Sj*). (3.11) 

(u) 

Finally, suppose that is a coribbon Hopf V-face algebra. Then Com^ becomes a 
ribbon category with twist 9m : M = M given by 

OMiu) = V-°°n (n G M). (3.12) 

Lemma 3.1. Let be a coribbon Hopf V-face algebra with modified ribbon func- 
tional M. such that its unit comodule KV is absolutely irreducible. Then, the quan- 
tum trace of the ribbon category Com^ is given by 

Trq(f) = ^7^Tr(Al{) (3.13) 
card( V) 

= Tr((M{)|^(A,_)) (3.14) 

andM{\,-)=®^M{\,ii). 



for each M G ob(Com^) and f G Endj5(M), where A is an arbitrary element of V 



Proof. We define um ■ M — > Af^^ by the composition 



a consequence of the fact t 

we have 



Then, as a consequence of the fact that Com^ is a rigid braided monoidal category. 



dM ° CMM^ = dM^ o (uM^idMv). (3.15) 
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On the other hand, since um{v) = Iniploo'Q) {v € M), we have 

{uMoeM){v)^lM{M\=) (CeAl), (3.16) 



where Im is as m (3.10). Hence, by the definition of Trq, we obtain 
Trq(f)(A) = c^Mv o (wM^Af/fXiidMv) o bM(A) 
= E E aA/(A^{(p)),P^>A 

= Tr((A^{)U(;,,_))A 

as required, where Ma^^ and are as in ( |3.8| ). □ 

We say that a right comodule M of a V-face algebra ^ is group-like if dim(Ai^ (A, /i)) = 
(^A/i for each A, e V. For each g e GLE(i3), we can define a group-hke comodule 
IKV} ~ ©^gv ]K/i9 by the coaction fig A5 ® e\e^g. Conversely, we have the 

following. 

Lemma 3.2 ([p^). For each group-like comodule M and its basis 5^ G M(p,ii) 
{fi G V), we obtain a group-like element g by cxe^g — g(^) and g^ 1-^ J2\ 5a ® 5(^) • 
Moreover, every group-like element is obtained in this manner. 

Let i3 be a V-face algebra and {L^ | tp G A} its finite-dimensional comodules such 
that = ®^AgA End(L^)* as coalgebras. Let g be a central group-like element of i^. 
We say that g is simply reducible if there exists a set A and a bijection tp: Ax Z>j/ 
= A such that L^f^x.n) — IKV}\(g)£^(A,) for each A G A and n > 0. 

Lemma 3.3 ([p^). Let 9j, g etc. be as above. Then, (1) the element g is not a 
zero-divisor ofSj. (2) The quotients) ~ Sj/{q — i) is isomorphic to ©^j^g;;^ E'nd(LA)* 
as coalgebras, where L\ is i^(A,o) viewed as an ^-comodule. As Sj-comodules, we 
have i^(A,„) = L\ for each A G A and n. 

4. COMPACT FACE ALGEBRAS 

Let ^3 be a V-face algebra over the complex number field C and x : ^ S); 
a an antihnear map. We say that (S), x) is a costar V-face algebra ||l^ if 

(a^)^=a, (afe)^=a^6^, (4.1) 
A(a><)=^a(^2)®a(^,), (4.2) 

(a) 

el = eA (4.3) 

for each A G V and a,b Cz 9j. Let [tpqjp^q^i be a finite-size matrix whose entries are 
elements of Sj. Then [tpq] is called a unitary matrix corepresentation if A{tpq) — 
'^r^pr'^trq, s{tpq) = Spq and t^^ = tqp. A costar V-face algebraic is called compact 
if Sj is spanned by entries of unitary matrix corepresentations (cf. [^9[ [l7|). For 
each costar V-face algebra Sj, its dual Sj* becomes a *-algebra via 



{X*,a) = {X,a^) (XGio*,aGio). (4.4) 

When i3 is a Hopf V-face algebra, we also set a* = S{a^) and — S*{X)* for 
each a G io and X E S)* . These operations satisfy 

(a*)*=a, (X^)^=X {aeSj,XeS)*). (4.5) 

For each compact Hopf V-face algebra io, its Woronowicz functional [^9[ |l^ 
Q G i^* is a unique group-like functional such that 

QXQ-°° ^{S^)*{X) {XeS}*), (4.6) 
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E2(^,;=E2"°°(^,;' (4-7) 

and that [Q(U u)] is a positive matrix, where [tpq] denotes an arbitrary unitary 
matrix corepresentation. The functional Q also satisfies 

Q* - Q, Q"" = Q~°°. (4.8) 

Let {S),x) be a costar V-face algebra and M a finite-dimensional i^-comodule 
equipped with a Hilbert space structure ( | ). We say that (M, ( | )) is unitary if 

^(u(o) |w)m(i) =^(M|t;(o))W('i) {u,veM). (4.9) 
We note that (M, ( | )) is unitary if and only if ( |3.11 ) gives a ^-representation of 



A costar V-face algebra (S), x) is compact if and only if every finite-dimensional 
^-comodule is unitary for some ( | ) . 

Proposition 4.1. Let 9^ be a compact V-face algebra. (1) The unit comodule CV 
becomes a unitary comodule via (A | /i) = Sx^- (2) For each unitary comodules M 
and N, MiS)N becomes a unitary comodule via (u iS) v \u' v') = {u\u'){v\v') 
{u £ M{\v),v e N{iy,fi),u' G M{X',v'),v' G N{v',^i')). (3) If S) has an antipode, 
then the left dual becomes a unitary comodule via 

(u|t;) = (QT— (PIT— (n)), (4.10) 
where T : M —> denotes the antilinear isomorphism defined by 

(T(u), -y) = (v|u) {u,v€M). (4.11) 

Proof. The proof of Part (1) and Part (2) is straightforward. Using the se cond 



equality of (^, we obtain {S^)*{X'') ^ S*{X*). Using this together with ( |4.6| ) 
and 



XT(w) = T(X^u) {ueM,XG9]*), (4.12) 



we obtain 



(u I Xv) = {s*ix*)QT-°°{r) I T-°°(n)) 
= (QT-°°(C) I (A'*)^T-°°(n)) 
= {X*u\v) 

for each u,v £ M^, as required. □ 

By the proposition above, the category Com^ of all finite-dimensional unitary 
comodules of a compact (Hopf) V-face algebra Sj becomes a (rigid) monoidal cate- 
gory. Let M and A'' be unitary i^-comodules and / : Af ^ A an i^-comodule map. 
We define a linear map f : N ^ M hy {f{n) \m) = (n\ f{m)). We have 



/ = /, fog^gof, f®g = f®g, (4.13) 



/ + 5 = / + c/ = c/ (ceC). (4.14) 

Proposition 4.2. For each compact Hopf V-face algebra 9j and its comodule M , 
we have 

rfM = [{Im'^ o Q)®idM) o 6ma , (4.15) 



bM = cJma o (idM«'((lMA oQ) °°). 



(4.16) 
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Proof. Using (4.8) and (4.12), we obtain 



(qv I QpV) ^ (pv^ T-i(qV)), (T(q) | r^) = (rV, Qq), 



(4.17) 



where {p} and {p^} is as in (3.8). Using the first equality of (4.17), we obtain 
(q"" (g)r| ((Ima o Q)(gidM) obMA(A)) = ^ ^ {q" (g) r \ Qp"" (g) p) 

where the first equality follows from (3.10). This proves dilsl ). Similarly, ( jil^ ) 
follows from the second equality of (4.17). 



Let i3 be a costar CQT V-face algebra. We say that Sj is of unitary type if 

7^+(a^,6^) =7^-(a,6) (a,6efi). 
In this case, the Drinfeld functionals of fi satisfy 



□ 



(4.18) 



(4.19) 



Remark 4.1. When g > 0, the function algebras of the usual quantum groups (such 
as Fun(SLq(N)), Fun(Spq(2N))) are both CQT and compact. However, they are 
not of unitary type but rather of "Hermitian type." 

Proposition 4.3 (|^). For each compact CQT Hopf V-face algebra of unitary 
type, its W or onowicz functional is a modified ribbon functional of f). Moreover, the 
corresponding ribbon functional Vg satisfies 



(4.20) 



We call Vg the canonical ribbon functional oi (i3, x ). We note that the expression 
Uao = Vg Q gives the "polar decomposition" of Uoo ■ 

Let ^ be a compact CQT Hopf V-face algebra of unitary type, equipped with 
the canonical ribbon functional. By (4.18) and (4.20), we have 

CMN — (cmn)^^, Om — . 
Moreover, by ( |3.15| ), ( |3.16D , ( |4.16| ), we have 

bhl = dM ° CMM^ o (^MfXiidMv). 

Furthermore, by (3.14) and the defining properties of Q, we have 

Trq(ff) = Izi^Tr(fQ{) > / 



(4.21) 
(4.22) 



card(V) 



(4.23) 



for every f ^ 0. Thus, the category Com^ is a unitary ribbon category (cf. K|) 



Example 4.1. Let i = 1 and S(AAr_i; t)^ as in Example 2.1. Then ©(Aat^i; t)^ is a 
compact CQT Hopf V-face algebra of unitary type with costar structure e* (m)^ = 
ej{m). Its Woronowicz functional agrees with the counit e. 

5. FLAT FACE MODELS 

Let S be a finite oriented graph with set of vertices V. We say that a quadruple 
^r^s^ or a diagram 



(5.1) 
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is a face if p, q, r, s e and 

5(p) = A = s(r), r(p) = = s(s), r(r) = = s(q), r(q) = ^ 
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r(s). 



(5.2) 



We say that (S, ) is 



When g has no muhiple edge, we also write (^'■q^^ = 
a {V-)face model over a field IK if u; is a map which assigns a number w 
to each face (^rj^s^ of S. We call w Boltzmann weight of (S, ). For convenience, we 
= unless (i"qs) is a face. For a face model (S, ), we identify w with 



set w 



the linear operator on Kg — ®peg '^P given by 

r • s (p • q e g). 



w(p • q) = ^ w|^r^( 

rseg2 



(5.3) 



For m > 2 and 1 < i < to, we define an operator Wi — Wi/m on Kg by Wj/„(p-q-r) 
= p(g)w(q)(K)r (p e g",q S g,r e g ), where we identify (pi, . . . ,Pm) e g with 

Pi®...®P™e (Kg)«5. 

A face model is called invertible if w is invertible as an operator on Kg. An 
invertible face model is called star-triangular (or Yang-Baxter) if w satisfies the 
braid relation wiW2Wi = W2W1W2 in End(Kg). 

For a star-triangular face model (g, ), the operators w^/m (1 < * < ^ti) define an 
action of the m-string braid group *8m on Kg_,^^ for each m > 2 and A, /i € V. The 
following proposition gives a face version of the FRT construction. 

Proposition 5.1 (^, |l^)- Let (g, ) be a V-face model and ^){S) as in § 1. 

Let J be an ideal of S){9) generated by the following elements: 



r-seg2 



P 
r q 

s . 



a b 
r • s 



cdeg2 



c d 

p q 



(p • q, a • b e g). 



(5.4) 



Then 3 is a coideal of Sj{S) and the quotient ^{w) := 9j{S)/'3 becomes a V-face 
algebra. If (g, ) is star-triangular, then there exist unique bilinear pairings TZ^ on 
2t(w) such that (2l(w),7?.*) is a CQT V-face algebra and that 



TV 



q 

r s 
P 



(5.5) 



for each p, q, r, s e g-^ . 



We denote the image of e(P) by the projection io(g) 2t() again by e(q) . Then 
2t'"(tTi) :— X)pqgg ^(q) becomes a subcoalgebra of 2l(w) for each to > 0. As the 
usual FRT construction (cf. Proposition 2.1]), we have the following. 

Proposition 5.2. For each star-triangular face model (g,), we have ^^^(rD)* = 
Hom23^(Kg) (to > 2) as K-algebras. 

We say that (^r^s^ or ( |3.1[ ) is a boundary condition of size mxn if p, q e g", r, s e 

g™ and the relation (5.2) is satisfied for some A, fi, ^. For a face model (g, ), we de- 
fine its partition function to be an extension w : { boundary conditions of size to x 
n; TO, n > 1} ^ K of the map w which is determined by the following two recursion 
relations: 
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w 


pp' 

r s 




P 
r a 


w 


\ P' 1 
a s 




q q' 


q 




. q' . 



w 



, p / 

r • r s • s 

q 







w 


r s 




q 



(5.6) 
(5.7) 



(p,qe S",p',q' e g"',r,s e g'",r',s' e g™' 



Also, we set w 



(respectively w 



5rs) if r, s e g" (respectively 



Pj q S g°)- With this notation, the relation (5.5) holds for every star-triangular 
face model (g, ) and p, q e g", r, s G g™(m, n > 0). 

Next, we recall the notion of flat face mode l [|l8[ , which is a variant of A. Oc- 
neanu's notion of flat biunitary connection (cf. |33|| ). Let (g, ) be an invertible face 
model with a flxed vertex * g V = g . We assume that A™ ^ for each m > and 
that V = U> V(), where A"^ = A"^, and V() = V()g, are defined by 

Ag = {(A,m)e VxZ>K I g,A^0}, (5.8) 

A^ = Ag n (V X {}), (5.9) 

V() = {AeV| (A,)eAg}. (5.10) 
For each to > 0, we define the algebra Str™(g, *) by 

Str"^(S,*) = n End(Kg,J (5.11) 

AGV() 

and call it string algebra of (g, , *). For each TO,n > 0, we define the algebra map 
imn ■■ Str'"(g, *) ^ Str'"+"(g, *) by w(x)(p • q) - xp ® q (p G g,^, q e g^^). For 
each 1 < i < m, we define the element — w^j^ of Str™(g, *) to be the restriction 
of lUi/m on Kg^_, where g^_ = IJ;^gv S*a- We say that (g, , *) is a fiat face model 
if 



-'nm ^nm 



{y)wr. 



(5.12) 



for each x e Str'°(g,*) and y e Str"(g,*) {m,n> 0), where u;™„ G Str'"+"(g,*) is 
defined by 



{WnW 



_l)(w„_lW„ • • • Wjn+n-2) ■ ■ ■ {wiW2 ■ ■ ■ Wm)- 



n+1 ■ ■ ' ^m-\-7i 

(5.13) 

For each flat V-face model (g, ,*), n > and A, G V, there exists a unique left 
P®(r(x)q) Ww„™(p • q) (5.14) 



action F of Str"(g, *) on Kg^ such that 



for each to > 0, p G g*>,q G g^^ and x G Str"(g, *). Using this action, we deflne 
costring algebra 



Cost(w, *) = Cost"Xw, *) 



(5.15) 



m>0 



to be the quotient V-face algebra of 0„j>o EndK(lKg)* = ^(g) given by 

Cost'°(w,*) = Endstr."(g,*)(]Kg)*. (5.16) 

For each A,yLt G V and (i^, to) G Ag, we define the non-negative integer N^^{m) 
by the irreducible decomposition of ]Kg_^^: 

[^9,,] = E KJM9.^.l (5-17) 
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where, for each Str'"(S, *)-niodule V, [V] denotes the element of the Grothendieck 
group ifo(Str™(S, *)) corresponding to V (see e.g. §5.1]). We call N^^{m) fusion 
rules of (S, , *), 

Theorem 5.3 (|]l8|). Let (S, , *) be a flat V-face model with fusion rule N^^(m). 

(1) For each (A, m) G Ag, up to isomorphism there exists a unique right Cost'"(w, 
comodule i(A.m) such that 

diniL(A,,„)(*,/i) = (5a^ (5.18) 
for each fi Cz V. As coalgehras, we have 

Cost'"(w,*)= End(L(;,^,„))*. (5.19) 

AeV() 

(2) In the corepresentation ring KolConiQ^^^^^ ^-j), we have 

[i(*,o)] = 1, (5.20) 

[^(A,™)][i(^,„)] = E N^xM^h^-^+n)]- (5.21) 
!^eV(+\) 

Moreover, for each Cost™(w, *)-comodule M , we have 

[M]= ^ dim(Af(*,A))[L(A,„)]. (5.22) 

AeV() 

(3) We have 

dim(L(,,„)(A,M)) = A^L(™)- (5-23) 

Lemma 5.4. For each flat star-triangular face model, we have 

T{w,/^)=w,/n {n>2,l<i<n). (5.24) 
Proof. By the braid relation, we have 

^ nra"^ i / n+m^ nm ~ ^i+m/n+m (5.25) 

for each 1 < i < n. Using this together with tnm(wi/n) — ''^i/n+rm we obtain 

p (K) (r(wi/„)q) = p (g) Wi/„q (5.26) 
for each to > 0, p G 9*^ and q e s)^^ as required. □ 

Proposition 5.5. Let (S,) be a star-triangular V-face model with a fixed vertex 
* G V. Then (9, ,*) is flat ifW^^-^^ is an absolutely irreducible %m-module for each 
(A, m) G Ag. In this case, we have Cost(w, *) = 2l(u') as quotients of9j{5)- 

Proof. Using ( ^.25| ), we see that ( 5.12 ) holds for every x G Str™(S,*) and y — Wi 
{1 <i < n). Hence (9, , *) is flat if Str'°(9, *) = (*,...,*_) for each to > 1. The 
second assertion follows from Proposition ^.2| and the lemma above. □ 

6. 5[/(iV)L-SOS MODELS 

In order to construct the algebras S(Ajv_i; t)e, we first recall S'[/(Af)^-SOS mod- 
els (without spectral parameter) which are equivalent to H. Wenzl's representa- 
tions of Iwahori-Hecke algebras (cf. |Q) and also, the monodromy representations 
of the braid group arising from conformal field theory (cf. A. Tsuchiya and Y. Kanie 
p9[). Let N > 2 and i > 2 be integers. For each 1 < i < A^, we define the vector 
i G by i = (1 - l/iV,-l/iV,... ,-1/iV), N = (-1/iV, ... ,-l/N,l - 1/N). 
Let V = Vjsia be the subset of given by 
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VjvL = {Aii + ---AArAr I Ai,... ,Ajv e Z,L > A;^ > ••• > An =F}. 



(6.1) 



For A e V, we define integers Ai,... ,Xn and |A| by A = J2i ^ih Aat = and 
l-^l = Ei For m > 0, we define a subset of V"+i by 

g" = v"+in {p = (A|ii,, 

where for A G and 1 < ii, . 



AeV, < 



(6.2) 



1 J 

,im < N , we set 

(A I ii, . . . , i„) = (A, A + ii, . . . , A + ii H h i^). (6.3) 

Then (V, 9) defines an oriented graph 9 = Sw.£ and S™ is identified with the set 
of paths of g of length m. For p = (A | i, j), we set = (A | j, i) and 

c^(p) = Ai - Aj + j - i. 
We define subsets g2[__,]^ g2^ j g2j^] g2 

S^H = {peS^|p^=p}, 
S'[i] = {peS'|p^^9}, 
S'[\] = {peS" Ip^p^gS}. 

Let t e C be a primitive 2{N + i)-th root of 1. Let e be either 1 or —1 and C, a 
nonzero parameter. We define a face model (S,:N„e) = (Sjj^x , 3V^„c,c) by setting 



(6.4) 

(6.5) 
(6.6) 
(6.7) 



WN,t., 



A A + i 

A A + i 

A + j X + i+l 



^ _(--l^-d(p) 



1 



Kp)]' 
1 [d(p) - 1] 

^ ' [d(p)] ' 



(6.8) 
(6.9) 



A A + fc 
A + fc X + 2k 



(6.10) 



for each p = (A|i,j) G g[\] H g[i] and {\\k,k) e where [n] = (t" - 

f-")/(t - i-i) for each n G Z. We cah (g,3N-„e) S'[/(iV)L-S'05' model (without 
spectral parameter) [E3[. It is known that (g,K,,e) is star-triangular. Moreover, 



H. Wenzl 



showed that 



is an irreducible 25m-niodule for each to > and 



A G A™. Therefore (g, 3^ .e, ) is flat by Proposition 5.5. In ||T^, F. Goodman and H. 
Wenzl showed that the fusion rule of (g, y^^,^, ) agrees with that of SU{N)l-WZW 
model. We give another proof of their result in the next section. 

Remark 6.1. (1) Strictly speaking, Wenzl deals with WN,t,e only when e = — 1. 
However, it is clear that his arguments are applicable to the case e = 1. The results 
for 2t(tx>(n.t,i) also follows from those of 2l(fDtn,t,-i), since the former is a 2-cocycle 
deformation of the latter (cf. [^). Hence, e may be viewed as a gauge parameter. 
(2) In order to avoid using square roots of complex numbers, we use a different 
normalization of WN^t,-! from Wenzl | |4^ . For each p G g (m > 1), we define 
k(p) G C by 

(PG g,qG g\,\> ), 



KiX\i) 



K(p)K(q) 



K(p ■ q 

N 



(6.11) 



■Ad^^l^,k) ((A|i)Gg), 



where Ad = a^j ^fodfl^ and = [rf + l]/[2][(i]. Note that k(p) satisfies 

^(P) _ A 



(6.12) 
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for each p e S[\]- By replacing the basis {p} of CS with {k(p)p}, we obtain 
Wenzl's original expression of the Hecke algebra representation. It is also useful to 
use {k(p)^p} instead of {p} (see §12). The corresponding Boltzmann weight ^ ^ 
satisfies 

/ i ^ \ 2 r T r 1 

(6.13) 



r p 1 


/K(p-q)y 


r p 1 




r 


r q 


^=U(r-s)j 


r q 




P s 


. s . 


. s . 


q . 



L O 

^2 



We call {p} and {k(p)^p} rational basis of type fl and type E respectively. 

7. The algebra &{AN^i-t)e 



Applying Proposition 5.1 to (S, j\f„e,c)j we obtain a CQT V-face algebra 2l(wAr.t^e_i^) 
= Cost(wN,t,e, 0). In order to define the "(quantum) determinant" of^{wN^t.t), we 
introduce an algebra — ^lN,L.e, which is a face-analogue of the exterior algebra. 
It is defined by generators oj{p) (p G S; > ) with defining relations: 

(7.1) 

keV 

^(p)^(q) = '5r(p)0(q)^^(p • q), (7.2) 

c.(p) = -ec.(pt) (peSN), (7.3) 

c^(p) = o (peSH). (7.4) 

It is easy to verify that fi'" J2pes *C^(p) becomes an 2l(u;Ar_t^e)-comodule via 

o.(q)^ Vc.(p)®efP) (qeS) (7.5) 



pes 



q 



for each to > 0. 

For each m > 0, we set 



Bfl"" = {(A, X + \i)eV\3c{,... card(I) = m}. (7.6) 



kei 



Also we define £ : S ^ Z>k by 

£(A|,... ,) = Card{(k,l)|l<k<l<N,ik<ii} (7.7) 

Proposition 7.1. For each (A,/i) e Bn"\ Sx,, 7^ and uJmiK 1^) ■= (-e)^(P^u;(p) 
does not depend on the choice o/p G 9\^- Moreover {^^(A, /x)|(A, /z) G Bfl™} is a 
basis of . In particular, fJ™ = if m, > N . 

Proof. We will prove this lemma by means of Bergman's diamond lemma or 
rather its obvious generalization to the quotient algebras of C(S), where (S) = U S. 
We define a "reduction system" 5 = 5i U 5'2 C (S) x C(g) by setting 

5i = {(p,-ept) |p=(A|i,j)Gg[\], <|}, 

S'2 = { (p, 0) I p = (A I ii , . . . , im) e S , > , card{ii , . . . , im} < m} . 

It is straightforward to verify that the quotient C(S)/("W — { | (W, {) G §) is iso- 
morphic to 11 and that all ambiguities of S are resolvable. Next, we introduce a 
semigroup partial order < on (S) by setting (A | Ji, . . . , im) < (A | ji, . . . ,jn) if ei- 
ther m < ri, or TO n and ii — ji, . . . , ik-i = jk-i, ik > jk for some 1 < k < m. 
Then < is compatible with S and satisfies the descending chain condition. This 
completes the proof of the proposition. □ 

For each < to < TV, we set A^ = I + ■ ■ ■ + m. As an immediate consequence of 
(5.22) and the the proposition above, we obtain the following result. 
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Proposition 7.2. For each < m < A^, we have 
comodules. 



.A.^ev det 



- ^(A™,m) as ^{wN,t.e)- 

of 2t(u;jv,t,e) to be the 



Now we define the "determinant" det = ^ 
group-hke element which corresponds to the group-Uke comodule fl^ and its basis 
{(D(A)} via Lemma 3.2, where lj{X) — D{X)ujn{^, ^) and 

[diX\^,J)] 



DiX) 



n 



Exphcitly, we have 



det 



l<i<j<N 

- D{X) 



(A e V). 



i:(p)+£(q)g/ P 



(7.1 



(7.9) 



where q denotes an arbitrary element of S^^. By (2.38) and (2.39) for g = det, the 
quotient 

e{AN-i;t)e := 2l(w;jv,t,e)/(det -1) (7.10) 

naturally becomes a V-face algebra, which we call SU{N)l-SOS algebra. 
The proof of the following lemma will be given in §8 and §13. 



Lemma 7.3. For each p G S, we have 



co«ni (':^(5(p)) ® Lo{p)) = e'^-'C Mp) ® ^(r(p)), 
cnin« (w(p) ® '^(r(p))) = e^-ir^i'^(s(p)) ® ^(p)- 

Proposition 7.4. T/ie element det belongs to the center of ^{wN,t,. 
if C satisfies 

>Af Af-l. 



the 



7^=^(det-l,a) = = 7^=^(a, dot -1) (a e a(wjv,t,e,c))- 



(7.11) 
(7.12) 

Moreover, 
(7.13) 

(7.14) 



Hence, &{AN^i;t)^ naturally becomes a quotient CQTV-face algebra of%{wN,t.<L.Q)- 

Proof, (cf. |l3|) By computing the coaction of %{wN,t.t) on w(p) ® cD(r(p)), in two 
ways via (7.11), we obtain the first assertion. We show the first equality of (7.14) 
for ± = + and a = e(P) (p, q G S, > ). By ( |2.25D and p.2l\ j, it suffices to show 



7^+ ( det 



r(p) 
S(P) 



(p,qeS) 



(7.15) 



For m = 0, this follows fro m (^.27 ) and ( 2.25 ). By compu ting the left-hand s ide o f 
(7.11) via (3.5), we obtain ( |7.15D for m = 1. For m > 2, ( |7.15D follows from ( |2.23| ) 
and (2.38) for 5 = det by induction on m. □ 

Since the braiding of &{AN-i]t)^ depends on the choice of the discrete parame- 
ter C satisfying ( 7.13 ), we sometimes write &[Afq-i\t)^^Q instead of &{AM-i;t)^. 

To state our first main result, we recall the fusion rule of SU{N)l-WZW model 
in conformal field theory. By it is characterized as the structure constant N^^ 
of a commutative Z-algebra J (called the fusion algebra of SU{N)l-W ZW model) 
with free basis {x\}\£V (i-e., xaXm = J2^ev ^x^Xu) such that 



— 

^^AA,„ — 



1 {X,n)eBn" 

otherwise 



for each A,/x € V and < m < N. See Kac |2§1 or Walton 
formula of N^^ . 



(7.16) 
for an explicit 
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Theorem 7.5 (|ri[). (1) For each A G V, up to isomorphism there exists a unique 
right &{Ai^^i;t)^-comodule L\ such that 

dimLxiO,fi)^Sx^ (/ieV). (7.17) 

Moreover, we have 

6(AAr_i;t), -0End(LA)* (7.18) 
as coalgebras. In particular, L\ is irreducible for each A € V 

(2) The corepresentation ring A'o(Com@(Aisi_i;t)5 ) identified with the fusion 
3^ of SU{N)l-WZW model via x\ = [^a]- That is, we have 

[Lo] = 1, 



(7.19) 
(7.20) 



(3) We have 

dimiL,{X,^i))=Nl. (7.21) 

Proof. It is easy to verify that (A, to) g ^Sj-i c ^^"^ ^^^^y if ™ G \M + ^Z>k- 
Since CVdet^ ^■^'(a,) — L{x,m+Nn) by (3^) and ( 5.18| ), we see that det satisfies all 
conditions of Lemma 3.2, where A = V and (p{X, n) — (A, |A| + Nn). Therefore, we 
have Part (1), ( fzlgl ) and 

[Lx][L^]^Y.^UML^^^ dim(i,(A,/i)) = 7VtM ((^^,m)e Ag,,,J. 

uev (7.22) 

In particular, N'^^ :=NY{m) does not depend on the choice of m. Using Proposi- 
tion ( |5.22| ) and ( |7.17| ), we obtain 

[^A][iA™] = 5Idim(iA®f^™)(0,Ai)[iM] - 5I'l™("'"(^'^))[-^A']• 
Mev t^ev (7.23) 



Thus the numbers N^^ satisfies the condition of N^^ stated above. 



□ 



Proposition 7.6. The element det is not a zero-divisor of^(wN,t.e)- In particular, 
we have det (^) ^ for each X, fj, G V. Moreover, we have 



GLE(a(wN,t,e)) = { I me Z>K, (A) G (A G V)}. 



A.mGV 



(7.24) 



Proof. The first assertion follows from the fact that det is simply reducible (sec the 
proof of the theorem above). By Theorem 5.3 (1), every group-like comodulc of 
^{wN,t.e) is isomorphic to (fi^)^™ for some to > 0. Hence the second assertion 



follows from Lemma 3.2 



□ 



8. Module structure of 



Let be a CQT V-face algebra over K. As in case ^ is a CQT bialgebra, the 
correspondence a i— s- TZ'^ ( ^_a) defines an antialgebra-coalgebra map from ^ into the 
dual face algebra S}° (cf. ||lq|). Let be a right ^-comodule. Combining the above 
map with the left action ( 3.11 ) of Sj* on W, we obtain a right action of on 
given by 

= E■^i;(o)7^+(^«(l),a) {weW,ae:^). (8.1) 
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Let V be another ^-comodule. Then we have 

{v^w)a — ^ f a(i) (8) wa(2) (v G V{X, ly), w G W{v, /i), a G ^). 

(a) (8.2) 

If has an antipode and W is finite-dimensional, then we have 

{va,w) ^ {v,wS-'^{a)) (w G VF'', w G VF), (8.3) 



by (^ and (|^. 

In this section, we give an exphcit description of the right 2l(wjv,t,e)-module 
structure of Vl. By (7.5) and (|5.5|), we obtain the foUowing. 



Lemma 8.1. For each s e S and p, q G 9^ ("- > 0), we have 



w(s)e(^P 

/n particular, we have 



res 



p q 

r . 



;(r) (seg,p,qeg\\>). (8.4) 



17(A,^)e^^^ e ^A,s(p)^M.=(q) ^WP)'i^(q))- 



(8.5) 



Lemma 8.2. Let {X, ii) be an element of Bfl"^ (m > 0) and p — (A|ii,... ,im) 
an element of Sx/j,- Define the set I and C(A | /c, Z) S C (fc 7^ /) by I — {ii, . . . , im} 
and 



C{X\k,l) = 



[d{X\k,l) + l] 



[d{X\k,l)] 

respectively. Then for each (A | i), (/i | j) G S, we have: 



(8.6) 



(_^)-mt-d(A|iJ) C(A|i,k)c.(A+i|i2,... ,i„„j) 

[d(A| i,j)J 

(« = «i,J^/), (8.7) 



kei\{i} 



w(p)e 



A|i 



-^ij(-C)"'"t H C(A|i,k)co™(A + i|i2,... ,im,i) 

kGl\{i} 

(« = n,je/), (8.8) 



Wm(p)e 



A|i 



= Sij{eC^rl[C{X\i,k)uj^{X + i\ H, . . . 



kei 



w,„(p)e 



A|i 



= (i^IJel) 



(8.9) 



(8.10) 



Proof. These formulas are proved by induction on m in a similar manner. Here we 
give the proof of (8.7). Since fi™ is a quotient module of CS~<§)CS, the left-hand 
side of (8.7) is rewritten as J2q ^qBq with 

, Bq = wi(i/,^)e . 
k/ VAi I J 



A, = w™_i(A, i^)e 



(8.11) 



by (8.2), where v — A-|-ii + -- - + im-i and the summation is taken over for all 
1 < q < N such that {v\q) G S. Since {v + q, ^j, + j) G S only if q — im or j, we 
have 



uJm{X,n)e\ 



X\i 
I i 



otherwise. 



(8.12) 
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Using inductive assumption, we see that the right-hand side of (8.12) equals 

V [d{i, i,n)] [d{hnd)] j)] M(im, j)] / 

m— 1 

n C(A|i,z„)w™(A + i,M + j) (8.13) 

n=2 

if {v\3)e$, where d{k, I) = d{\ \k,l). Applying [a + 6 + 1] + [a] [b] = [a + 1] [6 + 1] 
to a = d{i,im) and b = d{i„i,j) — 1, we see that (8.13) equals the right-hand side 
of (8.7) (even if (i^|j) ^ S)- Next suppose that (j^|j) ^ S- It suffices to verify 
that the second term in the parentheses of (8.13) is zero. In case j — 1, we obtain 
= L. Using this together with 1 ^ /, we see that Ai = L. On the other 
hand, since (/i| 1) G S, we have L— l>/ii=L — Hence, im = N and 

d{im,j) — 1 = —L — N. In case j > 1, we obtain d(im,j) — 1 = in a similar 
manner. Thus we complete the proof of (8.7). □ 

The following lemma is frequently used in the sequel. 

Lemma 8.3. As a right ^{wN,t,e)-'module, CS = f2 is irreducible. Hence CS is 
also irreducible as a left%{wM,t.<i)* -nriodule. 

Proof. Let PU be a non-zero submodule of CS. Since W = ©^j^ W^e^e^ and 

Wexe^ C CS;^^, we have Sq e W for some Sq = (A | i) e S- To show CS = 
So 2t(wN,t,e)j we introduce the oriented graph "K determined by 3^ = S and 

card(3C.J = |l (^P'^^S) 
I otherwise. 

It suffices to show that (Jf)sor 7^ for every r e S, where (^K)sr = UmSigr- We 
note that 

if (/x|j),(//-fj|k)eSandj^k, (8.15) 

^(Mll)(M+-|l) ^0 if (M|j),(A^ + k|j)Ggandj7^k, (8.16) 

if (Hj,j)eS. (8.17) 
Using ( S.16 ), we obtain (3i)s(,si 7^ w here Si = (LAi_i -f X)fc=i^ -^kk \ i). Suppose 



i ^ N. Using ( p.l7[ ), and then using (|8.16D, we obtain (^K)siS2 0: where S2 



/S2 S3 J 



{{L - l)Ajv-i + A,_i 1 1). Using (|T5|) and (|8.16D respectively, we obtain (J{)g 
(^)s4 (o|i) 7^ and (IK)s3S4 7^ respectively, where S3 = ((L- l)A7v-i + A7V-2 | A^- 
1). and S4 = (AAr_2 | A^ - 1). Therefore we obtain (J{)so(o|i) ^ $ ii i ^ N. By 
similar consideration, we also obtain (Jt)s(,(o|i) 7^ in case i — N, and also, (5f)(|)r 
^ for every r e S. Thus, we have verified the first assertion. The second assertion 
is obvious since the image of a i— > TZ^{ ,a) is a subalgebra of 2l(z«jv,t,e)*. □ 



Now we begin to prove Lemma 7.3. By (8.5) and Lemma |8.2| , we have 



cS(i.)eQ|*.^ = e^-\-^t6,,S.xS,^Luii, + i). (8.18) 

Using ( ^.2[ ) and this equality, we see that both il^(i)Cg CS; tD(s(p)) ® p 1-^ 
p (g) w(r(p)) and CS^fi-^ ^ CS; p a)(5(p)) i— > p ® tD(r(p)) are isomorphisms of 
right 2l(zi;Ar,t,e)-modules. Hence, by Lemma |8^ and Schur's Lemma, we have 

cn«ni(w(s(p))®p) =??P®(5(r(p)) (p G S) (8.19) 

for some constant i?. We will prove — e^^^(^^t in §12. 



20 



TAKAHIRO HAYASHI 



9. TRANSPOSES AND COMPLEX CONJUGATES 



The following proposition is an immediate consequence of the following reflection 
symmetry: 

2 



P 

r q 

. s . 



K(r • s) 



k(p • q) 



r 

P s 

q 



(9.1) 



WN,t,e 

where k is as in (6.11). 

Proposition 9.1. There exists an algebra- anticoalgebra map ^(wiq,t,e) '^{wN,t,t)] 
a flT given by 



k(p) 
K(q) 



(P,qe S, >). 



(9.2) 
(9.3) 



Moreover it satisfies (a^)^ — a and 

7^± (a^5T)=7^± (&, a) 

for each a,b £ %(wN.t,t) and ^ G . 

The following proposition is needed to construct the "cofactor matrix." 

Proposition 9.2. The element det satisfies det^ = det. He nce, j induces an 
algebra- anticoalgebra involution of &{AN^i;t)^, which satisfies ( p-dj ). 

Proof. Since det^ is a group-like element of ^{wN,t,e), we have 

V- c(A) 



det^ 



.9 det ; 



ECIA) o 



(9.4) 



by (7.24), where c(A) (A G V) denotes some nonzero constant. Since both det and 
det""" are central and det is not a zero divisor, g is central. Hence, by Lemma 8.3 
and Schur's lemma, we have pg = cp(peS) for some c € C. Hence we have 



c(A) 



ways. Using 



c(0) for each A G V. In order to prove c = 1, we compute det (?) in two 



Kp)-l]er =-e[d(p) + l]el 



(pe S"[\],qeS'[i]), 



we obtain 



oil, 



= (-e)^(P'^'[fc]^ 



Pk 

Oil N 



(9.5) 
(9.6) 



by induction on fc, where pi = (i | 2, . . . , i, 1, i + 1, . . . , N). Substituting fc = in 
this equality, we get 



det 



= clU-loidetQ 
^ (_e)JV(w-i)/2+^(pr.)c[Ar] e 



1| 2, 3, 
0| 1, 2, 



iV, 1 
TV- 1, TV 



On the other hand, using ( |7.9[) and (9.2), we see that the right-hand side of the above 
equality agrees with c det ( j) . This completes the proof of the proposition. □ 



Next suppose t = exp(± ), or — exp(±- 



- N+L i^ ^^Pi^-.- jy^^ ; with N + L Cz 2Z. Then, we have 
k(p) > for each p G 9 (™ > 0). Moreover, for each C with \(\ — 1, the Boltzmann 
weight WN,t satisfies 

2 



"N.t,. 



P 

r q 

. s . 



k(p • q) 





r 


WN,t.e 


P s 


q . 



■7) 



Similarly to Proposition 9.1 and Proposition 9.2, we obtain the following. 
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Proposition 9.3. Set t = ±exp(±;;^) if N + L e 2Z, and t = exp(±;;^) 
if N + L € 1 + 2Z. Then for each solution C of (7.13), both S(^7v-i;0e,C '^'^'^ 



^{wN,t,e,c) ^'''^ compact CQT V-face algebras of unitary type with costar structure 



qy V'*(q)/ Vp 



(p,qeS, >). (9.8) 



In fact, both &{AN^i;t)^ and ^{wN,t,e) are spanned by unitary matrix corepre- 
sentations [e«(q)]p,qes ("^ ^ 0) given by 

euh-^eh (p,qeS,>). (9.9) 



q/ i^ip) Vq 

10. Antipodes and ribbon functionals 
Lemma 10.1. The V-face algebra 6(Ajv-i; i)£ has an antipode given by 



(10.1) 



where b denotes an arbitrary element of 5^^~x '^'^'^ summation is taken over all 
a e S"'^" • Moreover, we have 

/ /p\\ iJ(r(p))D(5(q)) /p\ . . . 

^ l<qjj^D(s(p))D(r(q))^iqj (P'^^S,>). (10.2) 



Proof, (cf. |38|, ||l^) Let LiliMi i) denote the right-hand side of (|l0jj) viewed as 
an element of 2l(z«Ar,t_e)- By |]l^, §7], it suffices to verify that 

^ YprXrq = '5pqet(p) dct, ^ ^pr^'rq = '^pqe5(p) det, (10.3) 

res res 

where Xp^ — (p,q € 9). We define a basis {w(p) | p G 9} of Q^~^ by 

w(A + i,A) = (-e)*-ii:)(A + 5)w7v-i(A + i. A), where p = (/i,A) e Bfl^-^ for 
p = (A, ^) e 9- Then, the coaction of ^{wN,t,e) on fi^"-^ is given by (I'(q) i— > 
X^pes '^(P) ^ ^qp ^"^"^ ^'^^ multipHcation of gives maps 

n^-^m^ ^ 17^; cj(q) w(p) (5pqtZ>(r(p)), 

f^i^f^^-i _ 17^; ^(p) ^ ^(q) ^ Jpq(_e)N-lgJ^c5(s(p)). 

Since these maps are compatible with the coaction of ^{wN,t,e), we have the first 
formula of ( 10. 3| ) and 



W^rpVqr = '5pqe,(p) det, (10.4) 



where Wpq G ^{wN^t,e) denotes the right-hand side of ( |10.2[ ). Applying j to this 
equality, we obtain 

7 -A ^ Hpf 7 _ i^(r(p))D(s(q))^(p)^ 
2^ AprZrq ~ Opqe,(p) det, Zpq - ^ (s(p) )D (r(q) ) ^(q) ^ ^'IP' ..^ 

Computing ^^.^ Y^rXrsZsq in two ways, we obtain Fpq = ^pq. This proves the sec- 
ond equality of ( |1G.3| ). Finally, Computing J2rs^rciS{Xsr)S^{Xps) in the algebra 
6{A]sr-i]t)e in two ways, we obtain ( 10. 2| ). □ 
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Proposition 10.2. For each t and C, ©(Aat-i; t)^^^ becomes a coribbon HopfV- 
face algebra, whose braiding, antipode S and modified ribbon functional Ad = Aioo 
are given by ( |3.5| ), (10.1) and the following formulas: 

I?(r(p)) 



MM 



= 5. 



pq 



D(s(p)) 



(p,qeS, >). 



Moreover, we have 



Aiu,,{Lx) = D{X) 



for each A G V. When N is even, there exists another ribbon functional M- 
by 



'5pq(-00) 



|r(p)|-|.(p)| PKP)) 

D(s(p)) 



(p,qe g, > 



(10.6) 

(10.7) 

3 given 

(10.8) 



The quantum dimension of the corresponding ribbon category is given by 

dim-'iLx) = (-l)l^li?(A). (10.9) 

Proof Let e jo* be as in (|l0.6|) . Using ([oj), we see that M satisfies ( ^.43| ). 
Hence, it suffices to verify that 



(p,qeS). 



(10.10) 



for each m > 0. By ( 2.34| ) and ( |2.43| ), UooM^°° is a central element of ^{wN,t,e)*- 
Hence by Lemma B.3 and Schur's lemma, we have Z^ooP = ^Aip (p G S) for some 
constant i}. Using (2.31), ( ^.29[ ) and ( |10.2 ), we compute 



f\oo 
/\oo 



res 

^ E 

1^=214+2 



D{if 



r 
Oil 



0|1 
r 



-WN,t 



1 

1 V 



1 



(10.11) 
(10.12) 

(10.13) 



This shows that d = (t ^ , and similarly, we obtain U^p = i9 ^Aip (p G S). This 
proves dlO.lOj ) for m = 1. For m > 2, ( |10.10D follows from ( |10.10D for m = 1 by 
induction on m, using the fact that both A4^ and UooUe are group-hkc (cf. ( p. 32 ), 
(2.33)). The second assertion follows from ( |10.6[ ) and Lemma pj] . □ 

We denote by S(^Ar_i; t)^ ^ the coribbon Hopf V-face algebra (©(Aat-i; t)e,c, A^Jj 
where t = ±1 if is even and t = 1 if iV is odd. 

Lemma 10.3. If t = exp(zfc jJlr ), or t ~ — exp(zfc ) and N is odd, then we 



■ N+L 

have D{\) > for every A G V. If t ~ 
(-l)l^li?(A) >0. 

Proof. Straightforward. 
Proposition 10.4. When t = exp(± 



exp(± 



N+L- 



N+L' 

and N is even, then we have 



□ 



N+L" 



or t 



exp(±^^) and N,L el 



2Z, the Woronowicz functional Q o/ 6(Ajv_i; t)e is gi ven by ( 10.6 ). While when 
t = - exp(±^^) and N,L G2Z , Q is given by (|l07 

Proof. We will prove the first assertion. We set 

'p' 



M 



M[]n 



Q 



Q In 



p,qes 



(10.14) 
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where Q denotes the Woronowicz functional of &{AN^i;t)^ and e„ (^) is as in (| 



By (p.4S ), (4.6) and Lemma 8^, we have M = iSQ for some iS. Since M is positive 
by ( |10.6 ) and the lemma above, we have d > 0. Since the quantum dimension 
satisfies dim, L = dim, for every L, we have Tr(M) = Tr(M"i). By this 



proves M = Q. Now the assertion M(\n{^) = 2(1 n(q)) (p, q e 5) easily follows 
from the fact that both A4 and Q are group-like, by induction on m. □ 

11. The modular tensor category 

Let C be a ribbon category, which is additive over a field K. We say that C is 
semisimple if there exist a set Vc, an involution ^ : Vc — > an element € Vc 
and simple objects (A e Vc) such that every object of C is isomorphic to a finite 
direct sum of L^'s, and that 

(L$r-L^v, (11.1) 

CiClcD^l^ [^^^l (11.2) 

for each A,/i e V', where 1 denotes the unit object of C. For a semisimple rib- 
bon category C, we define its fusion rule N^^ (A,/i,i^ G Vc) and S-matrix = 

\Sx^,]\,f.eVc by 

[iA][i']- E ^A,,[i'], (11-3) 
5^ = Trq(cLCLS°CLCLc)- (11.4) 

By definition, we have 

5^0 = dim, L^. (11.5) 

Since the twist 9 satisfies 

cwv ° cvw ^ ()vi»w ° {Ov "S) Ow)~^ , (11.6) 

S'^ satisfies 

E ^^A,dim,(LCj, (11.7) 

where 0a G K is defined by 9j^c — 9\idi^c . Moreover, S = satisfies the following 
Verlinde 's formula (cf . g|, |^ |^ ) : 

S,^.o''^ Nf^^S^^ — S\i,Si_i^, (11-8) 

where A, /i and v denote arbitrary elements of V = Vc- Let C be a semisimple 
ribbon category. We say that C is a modular tensor category (or MTC) if Vq is 
finite and the matrix S'^ is invertible. If, in addition, C is unitary as a ribbon 
category, then it is called a unitary MTC. It is known that each (unitary) MTC 
gives rise to a (unitary) 3-dimensional topological quantum field theory (TQFT), 
hence, in particular, an invariant of 3-manifolds of Witten-Reshetikhin-Turaev type 
(cf. V. Turaev [|o)). 

The most well-known example of MTC is obtained as a certain semisimple quo- 
tient C(g, k) of a category of representations of the quantized enveloping algebra 
t/g(g) of finite type in the case when g is a root of unity 0, |[ |2^, |4lJ. When 
Q = s[<n, the simple objects of C(s[tn,0^ + -2) {L > 1) are also indexed by the 



set V = Vyin given by ( 3.1 ) and the fusion rules agree with those of SU {N) ^-WZW 



model. The quantum dimension and the constant 9x for C (s [tn , 01 -|- £) are given by 
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dim,{L'^) ^ D{X)t,, 0, = Cj"l"+^''^^ (11.9) 

respectively, where Co = exp( jy^^YL) )' *o = Cif , P = Ai H h Aat^i, ( | )~ = 

N{ I ) and ( | ) denotes the usual inner product of R'*'. Moreover, the S-matrix of 
C{5l<n, or + £) is given by 5^ = ^^(Co)- Here, for each primitive 2iV(iV + L)-th root 
C of unity, we define the matrix S^{C) by the following Kac-Peterson formula (cf. 

^[(,)x^-^ y (_i);mc-2(»(p)Ip)~ ' ^^^-^"^ 

where t = ±1 if e 2Z, t = lifiVel + 2Z and the action of the symmetric 
group &<yi on is given by wi — w{i). Note that (A|/i)~ G Z for every 

A, M e ZAn. 



en 



Lemma 11.1. Let C, he a primitive 2N{N + L)-th root of unity and t ~ ( . Th 
the matrix S — >S"'(C) *s both symmetric and invertible, and satisfies Verlinde's 



formula (11.8). Moreover, we have: 

^'(C)AO = ^l^li?(A)t, (11.11) 

^'(C)a,a„ - i«+'-5](a)-'"'i'^(''+''-^+'^i?(A,+,_, + A,)t. 

(11.12) 



for each A € "^ym and < r < q < N, where the summation in (11.12) is taken 
over max{0, q-\- r — N} < s < r. 



Pro of. Su ppos e C = Co- Then the formula ( 11.12| ) follows from ( 11.7 ) for C(s[(n, 01 



£), (|]T|) and ( PH ). In this case the other assertions also follow from the results for 



C(s[(rt, 0T+£). For other C, the assertions follow from Galois theory for Q(Ck)/Q- CH 

Lemma 11.2. Let N^^ be the fusion rules of SU{N)l-WZW models and let S and 
S' be symmetric matrices whose entries are indexed by V = Vj^m . Lf these satisfy 



Verlinde's formula ( 11.8 ), S\o = S'^q 7^ (A e V) and 

5a,a. =5;,A. (0<r<g<iV), (11.13) 

then we have S — S' . 

Proof. We recall that there exists an algebra surjection from Z[^n^,... ,,1^1^]®'" 
onto y (cf. Theorem ^ (2)), which sends the Schur function S(Ai,... ,An) (see e.g. 
PH) to [L\] for each A e V (see e.g. |^). For each ^ = (^1,... ,£,m) such that 
A^ > ^1 > . . . > > 0, we define G J' to be the image of the elementary 
symmetric function via this map, that is — [fl^'^] ■ ■ ■ [fi^™]. Since {e^} is a 
basis of Z[~r^u^, . . . , -jr^pj]®" , {E^} spans J. We define the symmetric bihnear forms 
S and S' on 3^ by setting 

5([£a], [C^]) = S'iiCxl [C,]) = 5;^. (11.14) 

Then, Verlinde's formula for 5* is rewritten as 



where v G V and a, 5 G 3^. By (11.13) and this formula, we obtain 

for each ^ and < r < A^, or equivalently, we obtain 

S{[C,l[n'^])^S' {[£,], [n^]) (11-17) 
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for each X £ V and < r < iV. Repeating similar consideration, we conclude that 
Sx^ = 5*^^ holds for every A, ^ e V. □ 

For 6 = S(2t(n-i; t)^ ^, we denote the semisimple ribbon category Com@ (resp. 
unitary ribbon category Comg) by Ce(-4AA-oo, U)^^^ (resp. C'^{Aj^-oo,Li)ex)- 

Theorem 11.3. Let N > 2 and L > 1 be integers, t = ±1 i/ iV G 2Z, i = 1 i/ 

G 1 + 2Z and e = ±1. Let C be a primitive 2N{N + L)-th root of unity. 

(1) Suppose N is odd or e — 1 and set t — (^^ . Then the category Ce{Aj\/-oo, U)^ ^ 
is a modular tensor category with S-matrix S''{Q. 

(2) Suppose N is even, e = — 1 and t := —C^ is a primitive 2{N + L)-th root of 
unity. {Note that this implies L G 2Z ). Then the category Ce{A_\f-ooT^)'-oo "i-s a 
modular tensor category with S-matrix 



Proof We will prove Part (2). By (|Tl|), ( |ia7| ), ( |ia9| ), ( |ll.ll| ) and D(A)_f = 
(— l)l'^IZ)(A)t, we have S^q = 5'~'(C)ao- Hence by the lamma above, it suffices 
to show that Sf = 5^'(C)a,a^ for each < r < q < A^. As we will see 
in the next section, the action of cj^j-q, o cnio"- on the one-dimensional space 

(^l«(g)rj'')(0, Ag+r-s + As) = Ccj,i(-^, A„) (g) ujJ{A„, A„+^ + A^) is given by the 

scalar ((t)-^'ir^2s(q+r-s+i) ^ Hence, by (3.14), we obtain 

'5'a,A. = XI '^^(■^^ ° J f^'f^" ° J I (n"»nv)(,, An + v-/+A; )) 

s 

= {-ir+'^Y.(^tr"''-t''''^''^''~'^'^D{Ag+r-s+As)t', 

s 

(11.18) 

where t' — and the summation is taken over max{0, q + r — N} < s < r. Since 
the right-hand side of (11.18) equals 5~'(C)A,Ar by ( |11.12| ), this completes the proof 
of Part (2). " □ 

Corollary 11.4. Let N > 2 and L > 1 be integers, e = ±1 and t = exp(zfc ^y+l )■ 
If N -\- L £ 1 + 2Z, C\g{Aj^ -oc, Ll)e.(j is a unitary MTC provided that e = 1 or N is 
odd, where C denotes an arbitrary primitive 2N{N + L)-th root of unity such that 
C,^ = t. If N + L E 2Z, Cq{Aj^-oo, i^)eX unitary MTC for each primitive 
2N{N + L)-th root C of unity such that ^ ±e^-H. 

Remark 11.1. (1) When G 1 + 2Z, 6(2l(n_i, t)!^^ ^ is isomorphic to a 2-cocycle 
deformation of 6(2t<n_i, t)!^_^. Hence Ce(-4AA-oo, Ll)J^^^ and Ce(^AA-oo, U)!!^^^ are 
equivalent. 

(2) For g — so<n and spr^, a category-theoretic construction of unitary MTC's 
related to C(0, k) is given by Turaev and Wenzl p^ . 

12. Braidings on V, 

In this section, we give some explicit calculation of the braiding Cg.,- := CQqci^ in 
order to complete the proof of Lemma 7.3 and Theorem 11. 3| . Since the braiding is 



a natural transformation and the multiplication of fl gives a 6(Ajv-i; t)e-comodule 
map niq^r- ff^^^, Cq_r satisfics 

Cq+q',r ° (™g,9' ^lidoO = (ido' (Xjmq^q' ) O (Cq^r^idfjq' ) O (idni^lCq/^r), 

(12.1) 

Cq,r+r' ° (idfiq (8imr,r' ) = (mr^f/ (K)idoq ) O (idfir (gjCq^r' ) O (Cq^rlXlidfjr' ) • 

(12.2) 
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Lemma 12.1. For each I < p < N and 1 < q < N — p, we have 
Cq.l (w (Ap I p + 1, . . . ,p + q) «) W (Ap+, 1 1)) 



1 [g] 
b + 1] 



w(Ap|p+l)®w(Ap+i|p + 2,... ,p + q,l) 



+ i-O-'i-^Y (Ap 1 1) ^ (Ap + 1 b + 1, ■ ■ ■ ,P + g) ■ (12.3) 



Proof. Suppose (12.3) is valid for each p and for some q < N — p. Then, by (12.1), 
we obtain 



Cl+,,l(w(Ap|p+l,... ,p + q+l)(E)Lj{Ap+q+l |1)) 



(idj2^(g)mi,q) o (ci4(g)idnq) w(Ap|p + 1) > 



(12.4) 



[p + 2] 

+ (-C)'n-£)" ^^rt'^ti^^ ^ (Ap+i I 1) ® a; (Ap+i + i | p + 2, . . . ,p + g + l) } 



b + 2] 



b + 2] 



Ap Ap+i 
Ap+i Ap+2 



b + g + 2 ] 
b + 2] 



Ap 

Ap+i Ap+i 



Ap+i 



(-C)"''w(Apb +l)®Lu (Ap+i I p + 2, . . . ,p + g + 1, 1) 



Ap Ap+i 
Ap + i Ap+i + i 



b + 2] 

w (Ap 1 1) (g) w (Ap + i I p + 1, . . . ,p + g + l) . 
Computing the right-hand side of the above equahty, we obtain (12.3) for q+1. □ 



Using (12.3) for p = 1, q = iV — 1 together with (12.1), we obtain 

cw,i(w(0|l,... ,N)®u{0\l)) =-{-Cyt[N]u;iO\l)®ioil\2,... ,N,1). 

(12.5) 

This shows that the constant ?? in ( 8.19| ) equals e^^^C^^t and completes the proof 



of Lemma 7.3 



Lemma 12.2. We have the following relations: 

Cq.i(^uj (Ap |p+ 1, . . . ,p + s, 1, . . . , g - s) «) w (Ap+s + Ag_5 \ q~ s + l)^ 

JfL^(Ap|p+l)®^(Ap+i|p + 2... ,p + s,l,... ,g-s + l) 

b + 1] 

+ (Ap 1 1) (8) (Ap + i, Ap+, + Aq-s+i) 

(l < p < N,l < s < N - p, s < q < p + 2s - I), (12.6) 



(lu{Ap\p+1,... ,p + g)(»cj(Ap+Jl,... ,r)) 

[g]!b]! 



e (-i)'^(-C)"'''t^''+'' 



tj(Ap|p+l,... ,p + r) 



b + f ] ! [g — f ] ! 
(g)a)(Ap+j.|p + r + l,... ,j3 + q, 1,... , r) 

+ ^ r!'"(Ap,A)®r!«(A,Ap+g+A,) 

(0<p<iV-l,0<q<7V-p,0<r <g), (12.7) 
w/iere [n]! = b] ' ' ' [2][1] and [0]! = 1. 
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Proof. The relation (12.6) follows from ( \l2.l\ ), (12.3) and 

Cq-s,l {Ap^s - ,q- s)(g)UJ {Ap+s + Aq^s I <? - « + 1)) 

= i-Cty-'^Lo (Ap+, \1)®LU {Ap+, + 1\2,... ,q-s + l) . (12.8) 
The relation (12.7) is easily proved by induction on r, using (HJ) and (12.6). □ 
Using (12.7), ( |T2^ ) and 

Cq.r-s (0 I 1, . . . , g) ® w (Aq I q + 1, . . . , g + r - ,s)) 

= (_^i)'?-'?'-^(0|l,... ,r--s)®Cc>(A,_,|r-.s + l,... ,g + r-s), (12.9) 
we obtain the following. 

Lemma 12.3. For each < q,r < N and max{0, q + r — N} < s < imn{q, r}, we 
have 



Cq.r (w (0 I 1, . . . ,q)(^Lj{Aq\q+l,... , q + r - s , 1 , . . . s)) 

,r-s+i) [qV-[r-s]\ 
[r]\[q~8]\ 

w (0 I 1, . . . , r) (g) w (Ar I r + 1, . . . , 9 + r - s, 1, . . . , s) , 



(12.10) 



As an immediate consequence of the lemma above, 
(n«(8)f7'^)(0, Aq+r-s + As) as the scalar ((^t)-2<;r^2s(g+r-s+i)^ rpj^^g complete the 
proof of Theorem 11. 3| . 



13. ABF MODELS AND 5f7(2)L-SOS ALGEBRAS 

In this section, we give an explicit description of the representation theory of 
&[Ai]t)^. We identify S — S^£, with the Dynkin diagram of type A^^i. 



L-l L (13.1) 

(13.2) 

B = u :\ I . ''J y (13.3) 

N^.^r y^^^-^j (13.4) 

[0 (otherwise) . 

In order to simplify the formula for quantum invariants stated in the introduction. 



Also, we identify V and S| with {0, 1, • • • ,L} and 

{{io,ii, ■ ■ ■ ,ik)\ < io, - ■ ■ < |v - ^ 1 [1 < v < k)} 



respectively. We define the set B by 

>,U|eV,|-||< < 



> + I + II e gZ, n + J + l < w 



Then, we have 



1 l{^)eB 



we use the rational basis of type E instead of type fl (cf. Remark 6.1). The 
corresponding Boltzmann weight w = wf'j ^ is given by 



w 



i i±l 
i±l i 



< 



i i±l 
i±l i±2 



['• + 1] ' 



i i±l 
I =F 1 i 



, [z + li^ 
^ 1^ + 11 ■ 



otherwise 



= 0. 



(13.5) 
(13.6) 
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Next, we recall a realization of Lk introduced in [Q. Let E be an algebra generated 
by the symbols o'(p) (p S 9, > ) with defining relations: 



1, 



(13.7) 



kev 



'7(p)c^(q) = '5r(p)s(q) cr(p • q), (13.8) 

a{i,i + = e(T{i,i - (0 < i < L), (f3.9) 

cr(0,f,0) = CT(i,L-f,L) = 0. (13. fO) 

We define the grading S = 0j.>q S*^ via E'"' = span{CT(p) |p G S}. Then each 
component S'^ becomes a right ©(Ai; f)£-comodule via 



(qes). 



(13.11) 



CT(q) E ^{p)'^^\ 

pes 

For each (^^.) G S, the element (Jk{i,j) ■— e^^''V(q) does not depend on the choice 
of q e S|, where L is as in §7, that is, 



^(, - ,•••,( + I -)/,••• ,|-,l)-, (13.12) 

i:((--- AA + A, •••))- ^((••- AA -A, •••)) + • (13.13) 

It is easy to see that E''(i, j) = C(tt(3,!1) for each (,^^.) e B and that {crfc(z, j)| (*^.) e 
S} is a linear basis of T,. Since dim E''(0, Z) = dimE*''(Z,0) = Sm, we have E*^ = 
Lk = (E'^)^ by Theorem 7^ and (3/7) . More explicitly, we have the following. 

Proposition 13.1. The map E'' (S'^)^; ak{i,j) i— > cQ-)a]^{i, j) gives an identi- 
fication of &{Ai]t)^-comodules, where {o'^(j, «)} denotes the dual basis of {ak{i, j)} 
and the constant c(^j) is given by 



\ , ^(.-,)/2 [(l+l+fc)/2 + l]![(^ 
J ^ ' [* + l][(* + 



+ fc)/2]![(-z+j + fc)/2]! 



j-k)/2]\ 



(13.14) 



Under this identification, the maps d^k and b^k in (3.8)-(3.9) are given by 



d-T.i'ii) = E' 



<yk{i,j)®(Jk{j,i), 



(13.15) 



(13.16) 



respectively, where the summation in ( 13.15| ) is taken over all j £ V such that 

Proof. It suffices to show the first assertion. Since E'^ (i-.j) = 'C(j-\ {H, J) and (E*^)^ (i, j) 
= Ccr^(I3,!I), there exists an isomorphism E'^ = (E''")^ of the form ak{i,j) 
c{^j)o'k (i, j) for some nonzero constant c(j^) ((*^) £ B). To compute c(^^.), we 
consider the 6(Ai; t)e-right module structure on E given by (B.l). Similarly to 
Lemma we obtain 



o-fc(«, j)e 



i, i±l 
J, J ± 1 



^-fcg(±iTi+fc)/2^(Tj±J+fc)/2 ^ 2 



[z + 1] 



On the other hand, by ( |l0.l| ), we obtain 



S e\ 



i, i ±1 
j, J ± 1 



[^ + 1] 



J ± 1, J 
i ± 1, i 



S* el 



z, i ± 1 
j T 1 



^afe(i±l,j±l). 

(13.17) 
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Using this together with (8.3) and (13.17)_, we obtain 



-k^{i-j+k)/2^(-i+j+k)/2 



li+j+k 



[z + 2] 



By ( |13.17| )+ and ( |13.19| ), we obtain 



^ [i + 1] [(^ + J + k)/2 + 2] 
Similarly, by computing ak{i,j) obtain 



[z + 1] [(±»Tj + fc)/2 + l] 
[i + l±l] [(Ti±J + A:)/2]- 



(13.19) 



(13.20) 



(13.21) 



By solving these recursion relations under some initial condition, we get (13.14). □ 



Proposition 13.2. (1) The braiding c: S™(g)E"^I]"(g)E™ and its inverse are given 
by 

h i 



'-^ {am{h, i) (g) cr„(i, fc)) = 



j k 



(13.22) 



h i 
j k 



:= ^ g£-(u)+i:(v)+£(q)+£ 



(r)^± 



q 

u r 

V 



(13.23) 



where q and r denote arbitrary elements of 9 and respectively, and the summa- 
tion in (13.22) is taken over all j £ V such that {"I) € B. 

(2) The ribbon functional o/6(2li,t)^ acts on Li as the scalar 9^^ given by 

6^ = l'C^'+^I 



Proof. Since the braiding is a natural transformation and the map 
cr(p) is a S(^i; t)e-comodule map, we have 



(13.24) 



)+^(r)^± 



q 

u r 

V 



(t(u) (g) cr(v). 

(13.25) 



Since ct(p) = e^^''''crm(i, j) for each p e S|, this proves Part (1). When i = 1, 
13.24 ) follows from the proof of Proposition 10.2 . For i > 1, ( 13.24 ) follows from 
11.7) by induction on i. □ 



14. The state sum invariants 

Let L be a positive integer and let e,L be elements of {±1} such that e = 1 if 
L is a odd integer. Let t be a primitive 2(L + 2)-th root of unity and ( a solution 
of = et. Applying the general theory of TQFT to the MTC C6(.4oo, U)^ we 
obtain an invariant of oriented 3-manifolds. To give an explicit description of 
we prepare some terminologies on link diagrams. 

Let D be a generic link diagram in R x (F, (viewed as a union of line segments 
AB), which presents a framed link L with components Ki, . . . , Kp (see e.g. [p6[). 
A point of D is called extremal if the height function on D attains its local maxi- 
mum or local minimum in this point, where the height function ht is the restriction 
of the projection E x (F, F) (F, IK) on D. A point of D is called singular if 
it is either an extremal point or a crossing point. We denote by jiZ3 the set of all 
singular points of D. Let £ be the set of all connected components of Z? \ ^D. We 
say that E £ £ belongs to Kq {1 < q < p) ii E is a. subset of the image of Kg via 
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the projection L 
map \ : £ ^ B; E 



D. Let c be a map from {Ki, . . . , Kp\ to V. We say that a 
^ {\2{E)\3{E)) ^ state on D of color c if Ai(i?) = c{Kq) for 
each component Kg and E G £ belonging to Kg. We denote by ca the color of a 
state A, and by S{'D) the set of all states on D. Figure (A) shows a state A on a 
diagram of the Hopf link with 6 singular points, such that ca(Ki) = 1, ca(K2) = 2. 




Figure (A) 



Next, we assign a complex number {X\A) for each state A G S{'D) and singular 
point A G tt-D as follows: When (A, A) is as in Figure (B) or Figure (C), then we set 



(A|^> 



c| ^. ]ShkStj or (A|A) 



ih 



(14.1) 



respectively, where c(^.) is as in (13.14) 
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(hi) 



(jfe) 





(hi) 



Figure (C) 



ijk) 




Keff 



Figure (D+) 



Figure (D_) 



When (A, A) is as in Figure (D±), we set 

{X\A) = SijShcSdeSfkW. 



± 

ran 



h i 
ef 



(14.2) 



where is as in (13.22). 

The foUowing result follows from §13 by a method quite similar to "vertex models 
on link invariants" (see e.g. Appendix II), hence we omit the proof. 

Theorem 14.1. Let t'^ ^ he the invariant of closed oriented S-manifolds associated 
with the modular tensor category Ce(^oo, LJ)J; ^ (c/. pO[). Let M be a 3-manifold 
obtained by surgery on S'^ along a framed link L with p components Ki , . . . , Kp . 
Let D be a generic diagram m M x (F, IK) which presents L. Then ^ is given by 

\esiv) = AejD (14.3) 



Here A denotes a fixed square root o/^jgy[ 
denotes the signature of the linking matrix of L. 



1]'. 2^ = E6V^r^+'[ + ] anda{L) 



References 

[1] H. Andersen, Tensor products of quantized tilting modules, Commun. Math. Phys. 149 
(1992), 149-159. 

[2] G. Bergman, The diamond lemma for ring theory. Adv. Math. 29 (1978), 178-218. 



32 TAKAHIRO HAYASHI 

[3] G. Bohm and K. Szlachanyi, A coassociative C*-quantum group with non-integral dimensions, 
Lett. Math. Phys. 35 (1996), 437-456. 

[4] V. Chari and A. Pressley, "A guide to quantum groups," Cambridge University Press, Cam- 
bridge, 1994. 

[5] Y. Doi and M.TaJseuchi, Multiplication alternation by two-cocycles — The quantum version 

— , Commun. Alg. 22 (1994), 5715-5732. 
[6] V. G. Drinfeld, On quasitriangular Quasi-Hopf algebras and a group closely connected with 

Ga«(Q/Q) Leningrad Math. J. 2 (1991), 829-860. 
[7] M. Finkelberg, An equivalence of fusion categories, Geom. Funct. Analysis 6 (1996), 249-267. 
[8] S. Gelfand and D. Kaahdan, Examples of tensor categories. Invent. Math. 109 (1992), 595- 

617. 

[9] F. Goodman and T. Nakanishi, Fusion algebras in integrable systems in two dimensions, Phys. 

Lett. B 262 (1991), 259-264. 
[10] F. Goodman and H. Wenzl, Littlewood-Richardson coefficients for Hecke algebras at roots of 

unity. Adv. Math. 82 (1990), 244-265. 
[11] T. Hayashi, An algebra related to the fusion rules of Wess-Zumino-Witten models, Lett. Math 

Phys. 22 (1991), 291-296. 
[12] T. Hayashi, Quantum deformation of classical groups, Publ. RIMS, Kyoto Univ. 28 (1992), 

57 - 81. 

[13] T. Hayashi, Quantum groups and quantum determinants, J. Algebra 152 (1992), 146-165. 
[14] T. Hayashi, Quantum group symmetry of partition functions of IRF models and its application 

to Jones' index theory, Commun. Math. Phys. 157 (1993), 331-345. 
[15] T. Hayashi, Face algebras and their Drinfeld doubles, in "Proceedings of Symposia in Pure 

Mathematics," Vol 56, Part 2, American Mathematical Society, 1994. 
[16] T. Hayashi, Face algebras I — A generalization of quantum group theory, to appear in J. 

Math. Soc. Japan. 

[17] T. Hayashi, Compact quantum groups of face type, Publ. RIMS, Kyoto Univ. 32 (1996), 351 
- 369. 

[18] T. Hayashi, Galois quantum groups of lli-subfactors, preprint. 

[19] T. Hayashi, Face algebras H — Standard generator theorems, in preparation. 

[20] T. Hayashi, Quantum groups and quantum semigroups, to appear in J. Algebra. 

[21] T. Hayashi, in preparation. 

[22] T. Hayashi, in preparation. 

[23] M. Jimbo, T. Miwa and M. Okado, Solvable lattice models related to the vector representation 

of classical simple Lie algebras, Commun. Math. Phys. 116 (1988), 507-525. 
[24] B. Jurco and P. Schupp, AKS scheme for face and Calgero-Moser-Sutherland type models, 

preprint. 

[25] V. Kac, "Infinite dimensional Lie algebras," 3rd ed., Cambridge Univ. press, 1990. 
[26] C. Kassel, "Quantum groups," Springer- Verlag, New York, 1995. 

[27] D. Kazhdan and H. Wenzl, Reconstructing monoidal categories. Adv. in Soviet Math. 16 
(1993), 111-136. 

[28] A. Kirillov, Jr, On an inner product in modular tensor categories, J. of AMS 9 (1996), 1135- 
1169. 

[29] T. Koornwinder, Compact quantum groups and q-special functions, preprint. 

[30] R. Larson and J. Towber, Two dual classes of bialgebras related to the concepts of "quantum 

group" and "quantum Lie algebra," Commun. Alg. 19 (1991), 3295-3345. 
[31] 1. Macdonald, "Symmetric functions and Hall polynomials," 2nd cd., Oxford Univ. press, 

Oxford, 1995. 

[32] G. Moore and N. Sciberg, Classical and quantum conformal field theory, Commun. Math. 

Phys. 123 (1989), 177-254. 
[33] A. Ocneanu, Quantized group, string algebras and Galois theory for algebras. In "Operator 

algebras and applications, Vol2". London Math. Soc. Lecture note series 136 (1989), 119-172. 
[34] N. Reshetikhin and V. Turaev, Invariants of 3- manifolds via link polynomials and quantum 

groups, Invent. Math. 103 (1991), 547-598. 
[35] N. Reshetikhin, L. Takhtadzhyan and L. Faddeev, Quantization of Lie groups and Lie algebras, 

Leningrad Math. J. 1 (1990), 193-225. 
[36] P. Schaucnburg, Face algebras arc X ^-bialgebras, preprint. 
[37] M. Swcedler, "Hopf algebras," Benjamin Inc., New York, 1969. 

[38] M. Takeuchi, Matric bialgebras and quantum groups, Israel J. Math. 72 (1990), 232-251. 
[39] A. Tsuchiya and Y. Kanie, Vertex operators in conformal field theory on and monodromy 

representations of braid groups. In "Adv. Stud. Pure Math. Vol6" . 
[40] V. Turaev, "Quantum invariants of knots and 3-manifolds," Walter de Gruyter, Berlin, New 

York, 1994. 



FACE ALGEBRAS AND UNITARITY OF SU(N)l-TQFT 



33 



[41] V. Turacv and H. Wcnzl, Quantum invariants of 3-manifolds associated with classical simple 

Lie algebras, Int. J. of Modem Math. 4 (1993), 323-358. 
[42] V. Turaev and H. Wenzl, Semisimple and modular categories from link invariants, Math. Ann 

309 (1997), 411-461. 

[43] E. Verlinde, Fusion rules and modular transformations in 2D conformal field theory, Nucl. 

Phys. B300 (1988), 360-376. 
[44] M. Walton, Algorithm for WZW fusion rules: A proof, Phys. Lett. B 241 (1990), 365-368. 
[45] H. Wcnzl, Hcckc algebras of type An and subfactors. Invent. Math. 92 (1988), 349-383. 
[46] H. Wcnzl, C* tensor categories from quantum groups, J. AMS 11 (1998), 261-282. 
[47] E. Wittcn, Quantum field theory and the Jones polynomial, Comm. Math. Phys. 121 (1989), 

351-399. 



